With full electromagnetic treatment electron pressure effects are included in the calculation of plasma impedances and power transfer to a plasma cylinder in the domain of the lower hybrid resonance. The general results are applied to cases of interest in radio frequency discharges with azimuthally symmetric excitation and zero coil-plasma-gap. For these specific situations the effects of electron pressure are found to be small.
I. Introduction
The problem of power transfer to a plasma cylin der from a surrounding radio frequency coil has led to great interest in the frequency range of the lower hybrid frequency at the geometrical mean of ion and electron cyclotron frequencies, where resonant power transfer may be expected. K ö r p e r 1 has given a theoretical treatment of this problem on the basis of a cold homogeneous plasma with collisions and a coil idealized as current sheet of rotational symmetry, assuming both plasma and coil to be of infinite axial extent. The complication of a gap between plasma and radio frequency coil can easily be accounted for 2.
In view of the great influence of the angle between the direction of wave propagation and static magnetic field on the resonance frequency in simple plane plasma models and in view of experi mental indications of the influence of reduced lengths of the plasma column and of increased ion masses3'4, recently the assumption of infinite axial extent has been dropped and an analysis for both finite plasma column and coupling coil has been carried through5. This work has pointed out the possibility of drastic modifications by the inclusion of finite length effects (finite & y) for specific situations, i.e. for (axially) short plasma columns with heavy ion masses. However, for many con ditions, such as considered in recent experiments with hydrogen plasmas of relatively large axial extent6, the finite length effects have been shown to be of minor importance. In particular the strong role of radial modes in the vicinity of the lower hy brid frequency ("geometrical coupling resonances" 5) is not appreciably altered due to finite k \ \ in these situations. The following studies are mainly addres sed to similar sets of conditions (ratios of electron to ion temperature in the order of 102).
The studies above are limited to cold plasma approaches -including collisions -and neglect thermal effects. D e m i d o v et al.7 have pointed out the potential importance of these effects near the lower hybrid frequency. This study has considered these effects in the fluid approximation including the electron pressure; a comparison to a kinetic treatment, retaining (electron) Larmor radius terms up to fourth order, has yielded essentially identical results. In this investigation the influence of ion pressure has also been discussed and regarded as being of secondary importance in the frequency range of interest. The cited work has been concerned, however, with plasmas of infinite extent and thus confined to analytical studies of dispersion rela tions. The same holds true for the calculations of O a k e s and S c h l ü t e r 8.
The boundary value problem to be solved in case of a bounded plasma (for instance, in case of a plasma cylinder of finite radius) can introduce important modifications of the resonant behavior of a plasma. This is well known for cold plasma treatments1-5. The characteristics of bounded plasmas can in turn be modified by inclusion of the 5 C. R. S k i p p i n g , M. E. O a k e s , a n d H . S c h l ü t e r , P h y s . F lu id s 12, 1886 [1969] . 6 D . E. H a s t i , M. E. O a k e s , a n d H . S c h l ü t e r , P la s m a
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A . F r a n k -K a m e n e t s k i i , a n d V. L. electron pressure which influences the cold plasma mode and introduces an additional mode simul taneously. This problem is studied in the present investigation with full electromagnetic treatment which encompasses and stresses the case of azimuthally symmetric excitation excluded by quasi static treatments9.
II. Derivation of General Relations
Assuming perturbations exp(-ic o t ) of homo geneous plasmas the following linearized momentum transfer equations are taken as basis (with the usual notations):
The stationary magnetic field is taken to point in the direction of the axial unit vector ez. The sub script j denotes the electron (e) and -here singleion (i) component. These abbreviations are used:
The collision frequencies Vj accounts for collisions of component j with neutrals (n) only, since the following analysis is mainly addressed to cases of weakly ionized plasmas. However, the simplified treatment of the collision term in (1) can be extended to account also for collision between ions and electrons and perturbations of the neutral fluid5*8.
Combination of (1) with the continuity equations
and the Maxwellian equations
In (5) E z = 0 is assumed, since in the following no axial currents of an exciting coil shall be con sidered. As pointed out in the introduction, finite length effects are of minor interest here; hence k \ \ = 0, k = kx , and z-dependencies have been neglected. Various abbreviations used in (5) are defined as follows:
Equation (5) gives the dispersion relation for an infinite homogeneous plasma if one replaces y ± by ik x . In the subsequent discussion only the electronpressure shall be considered, the ion-pressure being neglected. Some modifying effects of finite ionpressure (in particular when it becomes com parable to the electron pressure) have recently been discussed in a quasi-static treatment9. 
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Equation (7) and O a k e s and S c h l ü t e r 8. Neglecting the ion pressure has lead to an asymmetry with respect to ion-and electron-parameters in (7). Equation (7) can be rearranged to the form
where k i2 and k%2 can be identified to be the propa gation constants solving the dispersion relation of infinite plane plasma
The labelling of the two roots of k 2 is arbitrary in principle. For instance in Ref. 8 the labelling is chosen to yield always curves without disconti nuities near the lower hybrid frequency cuo (i.e.
(QiQe)1/2 for colJQe2 > 1). However, for the following the labelling is chosen so that k22 denotes the root which asymptotically (both for co2 coo2 and co2 > coo2) approaches the value c/bo = kc2, which is the sole well known solution for a cold plasma treatment neglecting the electron pressure. kc2 has a singularity at coo in the absence of collisions; inclusion of collisions removes this singularity of kc2 in a well studied fashion1. The root k%2 solving (10) -with inclusion of the electron pressuredoes not exhibit the above singularity of kc2 for zero collisions, but shows a finite discontinuity; introduction of collisions does not remove this discontinuity of k$ , unless the collisions are numerous enough to satisfy a certain condition which will be met later on. This condition has already been studied previously7-8. The additional root k\ 2 introduced by electron pressure shows a discontinuity near coq complementary to that of &22. When the condition of numerous collisions just cited is fulfilled, k\ 2 acquires a usual cut-off behavior near coo whereas k%2 approaches kc2 even at co ^ ojq. Plots of both roots of a dispersion relation with finite electron pressure have previously been given for different situations8, in particular for experimental conditions which are primarily re ferred to here3>6. Now solutions of (9) shall be obtained with an assumed azimuthal periodicity of type exp (in 0). Inside the plasma the solution for H z is
(11)
Whatever sign of the solutions of k\ 2 and k%2 are chosen above, the constants A n and B n can be thought to take into account the additional terms resulting from the inclusion of the opposite signs for k\ and k2. For Poynting vector considerations below, also the solutions of E-field components are needed. Combination of (1), (3) 
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In general the operator j£fe is non-commutable with other differential operators of the cylindrical problem at hand. Equations (9) and (11) can be used to evaluate the components of .E-field com pletely. The constants A n and B n are to be eva luated with help of the boundary conditions.
A plasma-vacuum system with perfectly con ducting coil of radius s coaxially surrounding the plasma of radius p is considered. The vacuum region between the coil and plasma p 5S r 5S s is denoted by superscript V and the one outside the coil is denoted by W. In vacuum, solutions of the wave equation are
The constants C n, D n, and Gn are determined below. The components of the electric field in vacuum can be easily determined by making use of Max well4 s equations 
The following set of usual electromagnetic and kinematic boundary conditions is applied: 
where B n!A n can be explicitely obtained from the remaining boundary condition (24):
B n lA n = -I I I 1/ I I I 2 .
(26)
The following definitions have been used: In Eq. (32) the -or -f-signs are consequences of P i = -J * $r &A the Wronskian relation for the functions J n (ko -s) and H n (kos). If H n^(k o s ) is choosen then the -sign is to be taken and for (ko s) the + sign is appropriate. The quantities I i and I 2 also The power radiated to infinity by the outer surface exhibit the same characteristics. However, it can area of the coil is similarily obtained, this area is be ascertained that irrespective of the choice of same as above, since the usual model of an
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A Hankel functions of type 1 or 2 the final results will be the same.
The power transferred to the inside of the coil towards the plasma is obtained by integrating the Poynting vector (the real part of which represents infinitely thin current sheet and coil has been introduced: 
where all other constants are defined earlier. Prime on Bessel functions refer to the derivative with respect to the argument, and i again refers to the type of Hankel functions choosen as discussed earlier. An expression for the impedance due to the power transfer exclusively to the plasma can, of course, be obtained in an analogous manner from the expressions given before.
The relations presented aim mainly at the case of rotationally symmetric wave excitation, though they are formally valid for «4=0 as well. The boundary conditions for the asymmetric wave excitation in experimental situations are generally involved; however, the model above with exp (in 6) dependencies throughout should facilitate useful estimates of the behavior in such cases.
III. Simplified Expressions
The results of the preceding chapter can be appreciably simplified without undue loss of generality by the assumption of zero gap between coil and plasma (p = s). Shrinking of the vacuum region V such that the coil is on the surface of the plasma, effects these reductions used from now o n :
Moreover, symmetric wave excitation is of prime interest here, so that in the azimuthal dependencies eind now n is specified to be zero. The resultant expression for the total plasma-vacuum impedance Z t can be expressed in this form:
The impedance Z w is connected to the power radiated to the outside of the coil (vacuum part) and given by the (usually unimportant) contribu tion 
The impedance Z p connected with the power flow towards the plasma can be rearranged to the form
The potentially oscillatory part of the impedances Z\ and Z<l are associated only with k\ and k%, respectively, as it is evident from the detailed expressions obtained for Z\ and Z 2:
These notations are used: In order to elucidate the relationship of these expressions for the impedances, to those of a cold plasma treatment neglecting the electron pressure ( K ö r p e r 1), they shall be studied for specific con ditions. The region close to the lower hybrid frequency shall be of interest, i.e. these assump tions are made:
co2 IQ e2 > 1, is valid. Relation (55) represents the condition mentioned earlier in the discussion of the dispersion relation (10). Thus with (55) the two roots of (10) can easily be separated. As mentioned before, now the root k2 closely resembles the solution of the cold plasma treatment1 not only below and above the lower hybrid frequency, but in the immediate neighbourhood co ^ coo as well. As a consequence of the above assumptions the expressions for the plasma impedance Z v are simplified. The branch Z% can be rewritten as
Z coll stands for the solution given by the treatment of K ö r p e r 1 which includes collisions, but neglects the electron pressure. For the conditions con sidered in (50) -(54), | | ^ [Z coU\ , When the large argument asymptotic expressions are used for the Bessel functions involved and when the above assumptions are valid, in particular when (55) is well fulfilled, \ Z \ \ becomes relatively large and unimportant and Re (Z2) Re (£coll). Further in the expressions (48) or (49) for the total power dissipated in the plasma, Z p can be approximated by the result of the cold plasma treatment im pedance Z coll.
In the case of small argument developments the situation is more complicated and statements as above should not be made. In many practical situations, at least one of the two roots for k± is large enough so that -if not the asymptotic range -the range of quasi-periodic behavior of Bessel functions is reached. Then numerical evaluations have to be resorted to anyhow for closer examination.
IV. Numerical Results
In a cold plasma treatment1 the minima of Ji(k p ) in expression (48) (or of Jo{kp) in expres sion (49)) are the source of potentially strong geometrical coupling resonances connected with radial modes occuring for \ kr \ > | k\ | on the low frequency side of the lower hybrid frequency (provided, of course, that k • p is large enough). Previously2-5 it has been stressed that these resonances are the dominant features near the lower hybrid frequency -in particular for condi tions (X recent experimental interest3-6 (even when the modifications due to finite k \ \ are accounted for). Therefore, conditions relevant to these discussions and experimental studies are selected for numerical evaluations on the basis of (45) and (46).
In Figs. 1 and 2 situations of relatively high and low hydrogen gas pressure (and corresponding ve), respectively, are considered in the range of interest with: N e = 2 • 1012 cm~3, Te -105 °K, co/2tt = 29.6 MHz, p -3 cm, coil width 5 cm, single turn.
Here y e is taken to be 1. The values of the loading resistance \ZV |2/Re(Zp), inversely proportional to the power dissipated in the plasma, as given by (48) , are plotted versus (Q iQ e)l,2la> in the domain of the lower hybrid frequency; the dotted curves represent the corresponding results of the cold collisional plasma treatment without the inclusion of pressure effects1. The strongest dip in both figures is connected with the first radial mode excitation; in Fig. 1 the effect of two (in Fig. 2 
V. Conclusions and Outlook
The effect of electron pressure on the resonant behavior near the lower hybrid resonance has been incorporated into calculations of impedances and power transfer, applicable to various practical situations of laboratory plasmas. The assumption of quasi-static approximation has been avoided. For the case of azimuthal symmetry, of prime interest here, simplified expressions have been presented and by inspection of the formal structure of the resultant expressions the difference and connection to a cold plasma treatment1 have been pointed out. Numerical evaluations have ascer tained the dominant role of radial modes (geo metrical coupling resonances) in the range of the lower hybrid frequency (situated nearby at the low frequency side), in particular for conditions of recent experimental investigations6 currently being pursued further.
It should be emphasized that the limited change caused by the inclusion of electron pressure effects in the situations considered does not imply the absence of drastic changes in other ranges and for other conditions9, which shall be the subject of future studies based on the expressions presented. 
